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7KH�SURFHVV�RI�IRUPDWLRQ�RI�FRPSOH[HV�FRPSRVHG�RI�D�QXPEHU�RI�FROORLGDO�REMHFWV��QDQRSDUWLFOHV�
RU�PLFHOOHV�� DWWDFKHG� WR� D� VLQJOH�PDFURPROHFXOH� KDV� EHHQ� VWXGLHG�� 7KH� GLVWULEXWLRQ� RI� QDQRREMHFWV�
EHWZHHQ�SRO\PHU�PROHFXOHV�ZDV�GHVFULEHG�E\�D�PRGLILHG�3RLVVRQ�SUREDELOLW\�GLVWULEXWLRQ��,W�KDV�EHHQ�
IRXQG� WKDW� GXH� WR� GLIIHUHQW�PHFKDQLVPV� RI� FRPSOH[� IRUPDWLRQ� WKH� GLVWULEXWLRQ� RI�PLFHOOHV�EHWZHHQ�
PDFURPROHFXOHV� FDQ� EH� PRUH� XQLIRUP�� DW� WKH� VDPH� QDQRREMHFW�WR�PDFURPROHFXOH� QXPEHU�
FRQFHQWUDWLRQ�UDWLR��WKDQ�WKH�GLVWULEXWLRQ�RI�QDQRSDUWLFOHV��5HODWLRQ�EHWZHHQ�WKH�VWDWLVWLFDO�QDQRREMHFW�
GLVWULEXWLRQ�DQG�WKH�VKDSH�RI�SRO\PHU�DGVRUSWLRQ�LVRWKHUPV�LV�GLVFXVVHG��

�
7KH� SURFHVV� RI� ELQGLQJ� VPDOO� FROORLGDO� REMHFWV� WR� ODUJH� SRO\PHU�PROHFXOHV� LV� RI�

LQWHUHVW� LQ� PDQ\� ILHOGV�� ,QWHUDFWLRQV� EHWZHHQ� YHU\� ILQH� SDUWLFOHV� DQG� YHU\� ODUJH�
SRO\PHUV�DUH� LPSRUWDQW� LQ�ZDWHU�DQG�ZDVWHZDWHU�SXULILFDWLRQ�DQG�SDSHU�PDQXIDFWXUH�
>�@��7KH�LQWHUDFWLRQV�EHWZHHQ�VXSHUVL]HG�SRO\PHUV�DQG�VPDOO�FROORLGDO�REMHFWV�DUH�DOVR�
UHOHYDQW� WR� D� QXPEHU� RI� ELRORJLFDO� SUREOHPV�� PRVW� QRWDEO\� WR� WKH� SDFNDJLQJ� RI�
FKURPRVRPDO� '1$� E\� KLVWRQHV� WR� IRUP� FKURPDWLQ� ILEHUV� >�@�� $QRWKHU� ILHOG� RI�
LQWHUDFWLRQV� RI� ODUJH� PDFURPROHFXOHV� ZLWK� QDQRVL]HG� REMHFWV� LV� WKH� IRUPDWLRQ� RI�
SRO\PHU�PLFHOOH� FRPSOH[HV� >�@� �LQFOXGLQJ� SURWHLQ�PLFHOOH� FRPSOH[HV� >�@��� 6WXGLHV�
FRQFHUQLQJ�WKH�DVVRFLDWLRQ�RI�QDQRFROORLGV�ZLWK�HQG�JUDIWHG�ORQJ�SRO\PHU�FKDLQV�DUH�
UHOHYDQW�WR�QDQRWHFKQRORJ\��H�J�� WKH�IRUPDWLRQ�RI�JUDGLHQW�QDQRSDUWLFOH�VWUXFWXUHV�RQ�
VXUIDFHV�WKDW�DUH�RI�SRWHQWLDO�LPSRUWDQFH�LQ�FDWDO\VLV�RU�LQ�GHWHFWLRQ�DQG�FDSWXULQJ�RI�
KDUPIXO� YLUXVHV� DQG� WR[LQV� >�@�� DQG� WR� WKH�PDWHULDO� VFLHQFH� �H�J�� WKH� SURGXFWLRQ� � RI�
QRQ�IRXOLQJ�VXUIDFHV�>�@����

:KHQ�FROORLGDO�SDUWLFOHV�PLFHOOHV�DUH�PXFK�VPDOOHU�WKDQ�PDFURPROHFXOHV��D�VLQJOH�
SRO\PHU�PROHFXOH�FDQ�DFFRPPRGDWH�D�QXPEHU�RI�VXFK�QDQRREMHFWV��,I�WKH�QHW�FROORLG�
SRO\PHU�LQWHUDFWLRQ�LV�DWWUDFWLYH�DQG�WKH�QXPEHU�FRQFHQWUDWLRQ�RI�QDQRREMHFWV�H[FHHGV�
WKDW� RI� PDFURPROHFXOHV�� PXOWLSOHWV� FRPSRVHG� RI� D� QXPEHU� RI� SDUWLFOHV�PLFHOOHV�
DWWDFKHG�WR�D�VLQJOH�PDFURPROHFXOH�FDQ�EH�IRUPHG�>�����@��+RZHYHU��WKH�PHFKDQLVP�
BBBBBBBBB �
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RI�PXOWLSOHW�IRUPDWLRQ�LV�GLIIHUHQW�IRU�QDQRSDUWLFOHV�DQG�PLFHOOHV��,Q�WKH�ILUVW�FDVH�WKH�
SURFHVV� LV�GXH� WR� WKH�DGVRUSWLRQ�RI�SRO\PHU�VHJPHQWV�RQ� WKH�SDUWLFOH�VXUIDFHV�>���@��
ZKHUHDV� LQ� WKH�VHFRQG�FDVH� WKH�PLFHOOHV�DUH� IRUPHG�GLUHFWO\�RQ�SRO\PHU�FKDLQV�DV�D�
UHVXOW�RI�WKH�UHYHUVLEOH�DVVRFLDWLRQ�RI�VXUIDFWDQW�PROHFXOHV�>�@��

,Q�WKLV�VWXG\�ZH�KDYH�LQYHVWLJDWHG�WKH�GHSHQGHQFH�RI�WKH�VWDWLVWLFDO�GLVWULEXWLRQ�RI�
QDQRREMHFWV� EHWZHHQ� PDFURPROHFXOHV� RQ� WKH� PHFKDQLVWLF� GHWDLOV� RI� PXOWLSOHW�
IRUPDWLRQ�� LQ�SDUWLFXODU��RQ� WKH�ZD\�E\�ZKLFK�FROORLGDO� VSHFLHV�DUH�GLYLGHG�EHWZHHQ�
SRO\PHU� PROHFXOHV�� 7KH� LPSOLFDWLRQV� RI� WKHVH� GLIIHUHQFHV� RQ� WKH� QDQRSDUWLFOH� DQG�
PLFHOOH�GLVWULEXWLRQV�IRU�WKH�SRO\PHU�DGVRUSWLRQ�KDYH�EHHQ�DOVR�H[DPLQHG��

�
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7ZR� V\VWHPV� FRQWDLQLQJ�PRQRGLVSHUVH� ORQJ� SRO\PHU� FKDLQV� GLVVROYHG� LQ� D� JRRG�
VROYHQW� DQG� PRQRGLVSHUVH� QDQRREMHFWV� DUH� FRQVLGHUHG�� ,Q� RQH� RI� WKH� V\VWHPV� WKH�
QDQRREMHFWV�DUH�UHSUHVHQWHG�E\�PRQRGLVSHUVH�QDQRSDUWLFOHV��ZKHUHDV� LQ�DQRWKHU� ��E\�
PLFHOOHV�EHLQJ�LQ�WKH�HTXLOLEULXP�ZLWK�IUHH�VXUIDFWDQW�PROHFXOHV��,W�LV�DVVXPHG�WKDW�LQ�
ERWK�V\VWHPV�WKHUH�DUH�FRQGLWLRQV�IDYRUDEOH�IRU�PXOWLSOHW�IRUPDWLRQ��,W�LV�DOVR�DVVXPHG�
WKDW� HDFK� PDFURPROHFXOH� FDQ� DFFRPPRGDWH� RQO\� D� FHUWDLQ� PD[LPXP� QXPEHU� RI�
QDQRREMHFWV��1PD[��7KH�SRO\PHU�SDUWLFOH�PXOWLSOHWV�DULVH�IURP�WKH�UDQGRP�GLVWULEXWLRQ�
RI� SDUWLFOHV� EHWZHHQ�PDFURPROHFXOHV�� WKH� FRPSOH[DWLRQ� WDNHV� SODFH�ZKHQ�D�SDUWLFOH�
FROOLGHV� ZLWK� DQ� HPSW\� �IUHH�� PDFURPROHFXOH� RU� D� PXOWLSOHW� ZKLFK� LV� QRW� ILOOHG� WR�
FDSDFLW\�\HW��2Q�WKH�RWKHU�KDQG��WKH�SRO\PHU�PLFHOOH�PXOWLSOHWV�DUH�IRUPHG�DV�D�UHVXOW�
RI� DFFXPXODWLRQ� RQWR� SRO\PHU� FKDLQV� RI� VXUIDFWDQW�PROHFXOHV� WKDW� DUH� JURXSHG� LQWR�
QDQRVL]HG� REMHFWV�� HDFK� FRPSRVHG� RI� .� VXUIDFWDQW� PROHFXOHV� �.� VWDQGV� IRU� WKH�
DJJUHJDWLRQ� QXPEHU� DQG� LW� LV� DVVXPHG� WR� EH� LQGHSHQGHQW� RQ� WKH� VXUIDFWDQW�
FRQFHQWUDWLRQ� DQG� WKH� QXPEHU� RI� PLFHOOHV� DWWDFKHG� WR� WKH� SRO\PHU� FKDLQ��� )RU� WKH�
QXPEHU� RI� SRO\PHU� DFFRPPRGDWHG�PLFHOOHV� WR� EH� WKH� VDPH� DV� WKDW� RI� SDUWLFOHV�� WKH�
QXPEHU� RI� VXUIDFWDQW� PROHFXOHV� DFFXPXODWHG� RQWR� WKH� SRO\PHU� VKRXOG� EH�.� WLPHV�
ODUJHU�� 7KXV�� WKH� SRO\PHU�PLFHOOH� PXOWLSOHWV� DULVH� IURP� WKH� GLVWULEXWLRQ� EHWZHHQ�
PDFURPROHFXOHV�RI�ODUJHU�QXPEHU�RI�VSHFLHV�WKDQ�WKH�FRUUHVSRQGLQJ�SRO\PHU�SDUWLFOH�
PXOWLSOHWV��

,W�LV�DVVXPHG�WKDW�WKH�HTXLOLEULXP�RI�SRO\PHU�QDQRREMHFW��FRPSOH[DWLRQ�LV�VKLIWHG�
WRZDUGV� WKH� PXOWLSOHW� IRUPDWLRQ�� 7KH� SRO\PHU� FRQFHQWUDWLRQ� LV� ORZ� HQRXJK� IRU� WKH�
PDFURPROHFXOHV� WR� EH� WUHDWHG� DV� LQGLYLGXDOV� PRYLQJ� LQGHSHQGHQWO\� DQG� IRU� WKH�
IRUPDWLRQ� RI� FRPSOH[HV� FRQWDLQLQJ� WZR� RU�PRUH� SRO\PHU�PROHFXOHV� WR� EH� XQOLNHO\��
)RU�WKH�VDNH�RI�VLPSOLFLW\�ZH�KDYH�QHJOHFWHG�PXWXDO�LQWHUDFWLRQV�EHWZHHQ�QDQRREMHFWV�
LQFRUSRUDWHG� LQWR� PXOWLSOHWV�� 7KXV�� WKH� QXPEHU� RI� SDUWLFOHV�PLFHOOHV� SHU� D� VLQJOH�
PDFURPROHFXOH�LV�D�UDQGRP�TXDQWLW\��ZKLFK�FDQ�EH�GHVFULEHG�E\�WKH�SUREDELOLW\�3�L��
JLYHQ� E\� D� ELQRPLDO� GLVWULEXWLRQ�� :H� KDYH� DVVXPHG� WKDW� WKLV� GLVWULEXWLRQ� FDQ� EH�
DSSUR[LPDWHG� E\� WKH� 3RLVVRQ� GLVWULEXWLRQ� ZLWK� WKH� PHDQ� YDOXH� ;�� HTXDO� WR� WKH�
QDQRREMHFW�WR�PDFURPROHFXOH� QXPEHU� FRQFHQWUDWLRQ� UDWLR� >��@�� 7KH� GLVWULEXWLRQ� LV�
FXW�RII�DW�L �1PD[��7KXV��WKH�SUREDELOLW\�GLVWULEXWLRQ�RI�QDQRREMHFWV�EHWZHHQ�PXOWLSOHWV�
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�)LJ�� ��� 7KH� GLVWULEXWLRQ� RI� VXUIDFWDQW�
PROHFXOHV� EHWZHHQ� PDFURPROHFXOHV� DQG� WKH�
HTXLYDOHQW�GLVWULEXWLRQ�RI�PLFHOOHV��1PD[ ����. ������

�)LJ�� ��� 7KH� GLVWULEXWLRQV� RI� SDUWLFOHV� DQG�
PLFHOOHV�EHWZHHQ�PDFURPROHFXOHV�FDOFXODWHG�
DW� GLIIHUHQW� QDQRREMHFW�WR�PDFURPROHFXOH�
QXPEHU�FRQFHQWUDWLRQ�UDWLRV��;���1PD[ ������

ZKHUH� $� GHQRWHV� WKH� QRUPDOL]DWLRQ� FRQVWDQW�
DQG�.;� LV� WKH� PHDQ� GLVWULEXWLRQ� �ZKHQ�. ��
RQH�GHDOV�ZLWK�QDQRSDUWLFOHV���������

2Q�WKH�EDVLV�RI�GLVWULEXWLRQ�����WKH�QXPEHU�
RI�DGVRUEHG�PDFURPROHFXOHV�FDQ�EH�FDOFXODWHG�
IURP�WKH�IROORZLQJ�HTXDWLRQ��� �� � � � ��& ��� P$P3P � � �������������
ZKHUH� P�� LV� WKH� WRWDO� QXPEHU� RI�
PDFURPROHFXOHV�LQ�WKH�V\VWHP��
�

���5(68/76�$1'�',6&866,21�
)LJ�� �� VKRZV� GLVWULEXWLRQV� RI� VXUIDFWDQW�

PROHFXOHV� DQG� PLFHOOHV� EHWZHHQ� PDFUR�
PROHFXOHV��%RWK�GLVWULEXWLRQV�DUH�FDOFXODWHG�IRU�
WKH� VDPH� DYHUDJH� QXPEHU� RI� VXUIDFWDQW�
PROHFXOHV�� .; ���� 7KXV�� WKH� DYHUDJH� PLFHOOH�
QXPEHU� LV� HTXDO� WR� .;�. ��� 6LQFH� 1PD[�VLJQLILFDQWO\� H[FHHGV� WKH� YDOXH� RI� ;�� WKH�
VWDQGDUG� GHYLDWLRQ� RI� WKH� PLFHOOH� GLVWULEXWLRQ��
FDQ� EH� FDOFXODWHG� LQ� WKH� VDPH� ZD\� DV� WKH�
VWDQGDUG� GHYLDWLRQ� RI� QRQ�PRGLILHG� 3RLVVRQ�
GLVWULEXWLRQ��

..; 0V ���������������������������
ZKHUHDV� WKH�VWDQGDUG�GHYLDWLRQ�RI�WKH�SDUWLFOH�
GLVWULEXWLRQ�VLPSO\�UHDGV��

; 3V �������������������������������
7KH� UDWLR� V0�V3� FDOFXODWHG� IRU� WKH� VDPH�SDUDPHWHUV� RI� WKH� GLVWULEXWLRQ� �; �� DQG�
1PD[ ���� LV� HTXDO� WR� ������� ZKLFK� LQGLFDWHV�WKDW�DW�WKH�VDPH�QDQRREMHFW�FRQFHQWUDWLRQV�WKH�
GLVWULEXWLRQ�RI�SDUWLFOHV�LV�EURDGHU�WKDQ�WKDW�RI�
PLFHOOHV� RU�� LQ� RWKHU�ZRUGV�� WKDW�PLFHOOHV� DUH�
GLVWULEXWHG�PRUH�XQLIRUPO\���

�7KH�GLVWULEXWLRQV�FDOFXODWHG�IRU�GLIIHUHQW�;�
YDOXHV� DUH� FROOHFWHG� LQ� )LJ�� ��� LQ� ZKLFK� WKH�
LQIOXHQFH� RI� WKH� ERXQGDU\� FRQGLWLRQV�

�� 1 �RQ�WKH�GLVWULEXWLRQ�VKDSH�LV�VKRZQ��
2QH� FDQ� QRWLFH� WKDW� LI�;� LV� ORZ�� D� UHODWLYHO\�
ODUJH� QXPEHU� RI� IUHH� �QRQ�DGVRUEHG��
PDFURPROHFXOHV� �a3����� FDQ� EH� IRXQG� LQ� WKH�
V\VWHP�ZLWK�QDQRSDUWLFOHV��ZKLFK�LV�QRW�D�FDVH�
LQ�WKH�V\VWHP�ZLWK�PLFHOOHV��
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�)LJ�� ��� 7KH� GHSHQGHQFH� RI� WKH� UHODWLYH�
DPRXQW� RI� SRO\PHU� DGVRUEHG� RQ� WKH� UHODWLYH�
WRWDO� FRQFHQWUDWLRQ� RI� QDQRREMHFWV��
�1PD[ �����

PD[�� 1 �RQ�WKH�GLVWULEXWLRQ�VKDSH�LV�VKRZQ��
2QH� FDQ� QRWLFH� WKDW� LI�;� LV� ORZ�� D� UHODWLYHO\�
ODUJH� QXPEHU� RI� IUHH� �QRQ�DGVRUEHG��
PDFURPROHFXOHV� �a3����� FDQ� EH� IRXQG� LQ� WKH�
V\VWHP�ZLWK�QDQRSDUWLFOHV��ZKLFK�LV�QRW�D�FDVH�
LQ�WKH�V\VWHP�ZLWK�PLFHOOHV��

)LJ�� �� SUHVHQWV� WKH� GHSHQGHQFLHV� EHWZHHQ�
WKH�WRWDO�DPRXQW�RI�WKH�SRO\PHU�DGVRUEHG�DQG�
WKH� UHODWLYH� SDUWLFOH� FRQFHQWUDWLRQ� LQ� WKH�
V\VWHP� �;��� FDOFXODWHG� IRU� GLIIHUHQW�.� YDOXHV��
:KHQ� . �� �WKH� SRO\PHU� LV� DGVRUEHG� RQ�
QDQRSDUWLFOHV�� WKH� ³ORZ�DIILQLW\´� LVRWKHUP� LV�
REWDLQHG�� ZKHUHDV� LQ� WKH� V\VWHPV� ZLWK�
PLFHOOHV� �.!��� WKH�VLWXDWLRQ�FRUUHVSRQGLQJ� WR�
WKH� DFKLHYHPHQW� RI� LVRWKHUP� SODWHDX� �DOO�
PDFURPROHFXOHV�FRQWDLQ�DW�OHDVW�RQH��PLFHOOH����
RFFXUV����DOUHDG\����DW����YHU\����ORZ���QDQRREMHFW�

FRQFHQWUDWLRQV�� 7KLV� LV� GXH� WR� WKH� XQLIRUP� GLVWULEXWLRQ� RI�PLFHOOHV� EHWZHHQ�PDFUR�
PROHFXOHV��WKH�KLJKHU�WKH�DJJUHJDWLRQ�QXPEHU�.��WKH�VWHHSHU�LV�WKH�LQLWLDO�VORSH�RI�WKH�
FXUYH��
�
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3U]HGPLRWHP� EDGD�� E\á� SURFHV� SRZVWDZDQLD� NRPSOHNVyZ� ]EXGRZDQ\FK� ]� SRMHG\QF]HM�

PDNURF]�VWHF]NL� L� NLONX� QDQRRELHNWyZ� �QDQRF]�VWHN� OXE� PLFHO��� 5R]NáDG� QDQRRELHNWyZ� SRPL
G]\�
PDNURF]�VWHF]NL� RSLVDQR� ]PRG\ILNRZDQ\P� VWDW\VW\F]Q\P� UR]NáDGHP� 3RLVVRQD�� 6WZLHUG]RQR�� *H� ]H�
Z]JO
GX� QD� Uy*QLFH� Z� PHFKDQL]PDFK� WZRU]HQLD� VL
� NRPSOHNVyZ�� UR]NáDG� PLFHO� SRPL
G]\� F]�VWHF]NL�
SROLPHUX� MHVW� EDUG]LHM� MHGQRURGQ\�� SU]\� WDNLFK� VDP\FK� ZDUWR�FLDFK� VWRVXQNX� OLF]ERZ\FK� VW
*H��
QDQRRELHNWyZ� L� PDNURF]�VWHF]HN�� QL*� UR]NáDG� QDQRF]�VWHN�� 3RND]DQR� WH*�� *H� Uy*QLFH� Z� VWDW\VW\F]Q\P�
UR]NáDG]LH� QDQRF]�VWHN� L� PLFHO� SRPL
G]\� PDNURF]�VWHF]NL� PDM�� ZSá\Z� QD� NV]WDáW� L]RWHUP� DGVRUSFML�
SROLPHUX�QD�W\FK�QDQRRELHNWDFK��


